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1.5 SOLUTION SETS OF LINEAR SYSTEMS
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Solution sets of linear systems are important objects of study in linear algebra. They
will appear later in several different contexts. This section uses vector notation to give
explicit and geometric descriptions of such solution sets.

Homogeneous Linear Systems

A system of linear equations is said to be homogeneous if it can be written in the
form Ax = 0, where A is an m x n matrix and 0 is the zero vector in R™. Such a
system Ax = 0 always has at least one solution, namely, x = 0 (the zero vector in R").
This zero solution is usually called the trivial solution. For a given equation Ax = 0,
the important question is whether there exists a nontrivial solution, that is, a nonzero
vector x that satisfies Ax = 0. The Existence and Uniqueness Theorem in Section 1.2
(Theorem 2) leads immediately to the following fact.

The homogeneous equation Ax = 0 has a nontrivial solution if and only if the
equation has at least one free variable.

EXAMPLE 1 Determine if the following homogeneous system has a nontrivial
solution. Then describe the solution set.
3x1 + 5x —4x3=0
—3X1 — 2X2 + 4X3 =0
6X1 + X2 —8X3=0

SOLUTION Let A be the matrix of coefficients of the system and row reduce the
augmented matrix [ 4 0] to echelon form:

35 -4 0 35 -4 0 35 -4 0
-3 -2 4 0|~]0 3 O O|~|0 3 0 O
6 1 -8 0 0-9 0 O 0 0 0 O

Since x3 is a free variable, Ax = 0 has nontrivial solutions (one for each choice of x3).
To describe the solution set, continue the row reduction of [ A 0] to reduced echelon
form:

10 -4 0] W —3n=0
0 1 0 0 X —0
0 0 0 0 0 —o

Solve for the basic variables x; and x, and obtain x| = %x3, X, = 0, with x5 free. Asa
vector, the general solution of Ax = 0 has the form

4 4 4

X1 343 3 3
X=|x | = 0 =x3| 0 | =x3v, wherev=| 0
X3 X3 1 1

Here x3 is factored out of the expression for the general solution vector. This shows that
every solution of Ax = 0 in this case is a scalar multiple of v. The trivial solution is
obtained by choosing x3 = 0. Geometrically, the solution set is a line through 0 in R?.
See Fig. 1. [ |
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FIGURE 2

Notice that a nontrivial solution x can have some zero entries so long as not all of
its entries are zero.

EXAMPLE 2 A single linear equation can be treated as a very simple system of
equations. Describe all solutions of the homogeneous “system”

10X1—3X2—2X3 =0 (1)

SOLUTION There is no need for matrix notation. Solve for the basic variable x; in
terms of the free variables. The general solution is x; = .3x, + .2x3, with x; and x3
free. As a vector, the general solution is

X1 3xy + .2x3 3x; 2x3
X=| x| = X2 = Xy | + 0
X3 X3 0 X3
3 2
=x| 1 |+x3] 0 (with x,, x5 free) 2)
0 1
t }
u \%

This calculation shows that every solution of (1) is a linear combination of the vectors
u and v, shown in (2). That is, the solution set is Span {u, v}. Since neither u nor v is a
scalar multiple of the other, the solution set is a plane through the origin. See Fig.2. H

Examples 1 and 2, along with the exercises, illustrate the fact that the solu-
tion set of a homogeneous equation Ax = 0 can always be expressed explicitly as
Span{vy,...,v,} for suitable vectors vy, ..., v,. If the only solution is the zero vector,
then the solution set is Span {0}. If the equation Ax = 0 has only one free variable,
the solution set is a line through the origin, as in Fig. 1. A plane through the origin,
as in Fig. 2, provides a good mental image for the solution set of Ax = 0 when there
are two or more free variables. Note, however, that a similar figure can be used to
visualize Span {u, v} even when u and v do not arise as solutions of Ax = 0. See Fig. 11
in Section 1.3.

Parametric Vector Form

The original equation (1) for the plane in Example 2 is an implicit description of the
plane. Solving this equation amounts to finding an explicit description of the plane as
the set spanned by u and v. Equation (2) is called a parametric vector equation of the
plane. Sometimes such an equation is written as

X =su-+1tv (s,¢inR)

to emphasize that the parameters vary over all real numbers. In Example 1, the equation
X = x3v (with xj3 free), or x = tv (withz in R), is a parametric vector equation of a line.
Whenever a solution set is described explicitly with vectors as in Examples 1 and 2, we
say that the solution is in parametric vector form.

Solutions of Nonhomogeneous Systems

When a nonhomogeneous linear system has many solutions, the general solution can be
written in parametric vector form as one vector plus an arbitrary linear combination of
vectors that satisfy the corresponding homogeneous system.
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FIGURE 3
Adding p to v translates v to v + p.
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FIGURE 4
Translated line.
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EXAMPLE 3 Describe all solutions of Ax = b, where

3 5 —4 7
A= -3 =2 4 and b=| —1
6 1 -8 —4

SOLUTION Here A is the matrix of coefficients from Example 1. Row operations on
[A b]produce

3.5 4 7 10 -3 -1 xp —ix=-1
-3 -2 4 —-1|~10 1 o 2/, X2 = 2
6 1 -8 —4 0O 0 0 0 0 =0
Thus x; = —1 + §x3, Xy =2, and x3 is free. As a vector, the general solution of
Ax = b has the form
X1 -1+ §X3 -1 %X3 —1 %
X=|x | = 2 = 2|+ 0 = 2| +x3| 0
X3 X3 0 X3 0 1
f f
p v

The equation x = p + x3V, or, writing 7 as a general parameter,
X=p+tv (tinR) 3)

describes the solution set of Ax = b in parametric vector form. Recall from Example 1
that the solution set of Ax = 0 has the parametric vector equation

x=1tv (tinR) 4

[with the same v that appears in (3)]. Thus the solutions of Ax = b are obtained by
adding the vector p to the solutions of Ax = 0. The vector p itself is just one particular
solution of Ax = b [corresponding to # = 0 in (3)]. [ |

To describe the solution set of Ax = b geometrically, we can think of vector
addition as a translation. Given v and p in R? or R?, the effect of adding p to v is
to move v in a direction parallel to the line through p and 0. We say that v is translated
by p to v + p. See Fig. 3. If each point on a line L in R? or R is translated by a vector
P, the result is a line parallel to L. See Fig. 4.

Suppose L is the line through 0 and v, described by equation (4). Adding p to each
point on L produces the translated line described by equation (3). Note that p is on the
line in equation (3). We call (3) the equation of the line through p parallel to v. Thus
the solution set of Ax = b is a line through p parallel to the solution set of Ax = 0.
Figure 5 illustrates this case.

FIGURE 5 Parallel solution sets of Ax = b and
Ax = 0.

The relation between the solution sets of Ax = b and Ax = 0 shown in Fig. 5
generalizes to any consistent equation Ax = b, although the solution set will be larger
than a line when there are several free variables. The following theorem gives the precise
statement. See Exercise 25 for a proof.
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THEOREM 6 Suppose the equation Ax = b is consistent for some given b, and let p be a
solution. Then the solution set of Ax = b is the set of all vectors of the form
W = p + vp,, where vj, is any solution of the homogeneous equation Ax = 0.

Theorem 6 says that if Ax = b has a solution, then the solution set is obtained by
translating the solution set of Ax = 0, using any particular solution p of Ax = b for
the translation. Figure 6 illustrates the case in which there are two free variables. Even
when n > 3, our mental image of the solution set of a consistent system Ax = b (with
b # 0) is either a single nonzero point or a line or plane not passing through the origin.

Ax=Db

——Ax=0

FIGURE 6 Parallel solution sets of
Ax = b and Ax = 0.

Warning: Theorem 6 and Fig. 6 apply only to an equation Ax = b that has at least
one nonzero solution p. When Ax = b has no solution, the solution set is empty.

The following algorithm outlines the calculations shown in Examples 1, 2, and 3.

WRITING A SOLUTION SET (OF A CONSISTENT SYSTEM) IN PARAMETRIC
VECTOR FORM

1. Row reduce the augmented matrix to reduced echelon form.

2. Express each basic variable in terms of any free variables appearing in an
equation.

3. Write a typical solution x as a vector whose entries depend on the free
variables, if any.

4. Decompose x into a linear combination of vectors (with numeric entries) using
the free variables as parameters.

PRACTICE PROBLEMS

1. Each of the following equations determines a plane in R?. Do the two planes
intersect? If so, describe their intersection.

X1+4X2—5X3=0
2x1— X2+8X3=9

2. Write the general solution of 10x; — 3x, — 2x3 = 7 in parametric vector form, and
relate the solution set to the one found in Example 2.
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In Exercises 1-4, determine if the system has a nontrivial solution.
Try to use as few row operations as possible.

1. 2x1 — 5X2 + 8X3 =0 2.
—2x1 — 7X2 + X3 = 0
4X1 + 2X2 + 7X3 =0

X1—2X2+3X3=0
—2X1 — 3XZ — 4X3 =0
2X1 —4)C2 + 9X3 =0

3. —3x1 + 4X2 — 8X3 =0 4.
—2x1 4+ 5x, +4x3 =0

le — 3X2 + 2X3 =0
—3X1 — 4X2 + 2X3 =0
In Exercises 5 and 6, follow the method of Examples 1 and 2
to write the solution set of the given homogeneous system in
parametric vector form.

5. 2x1 +2x, +4x3=0 6.

—4)C1 — 4X2 - 8X3 =0

x1+2X2—3X3:0
2X1+ X2—3X3=0

—3XZ—3X3=0 —1x1+ X2 =0

In Exercises 7—-12, describe all solutions of Ax = 0 in parametric
vector form, where A is row equivalent to the given matrix.

(13 =3 7 1 -3 -8 5
o 1 -4 5} 8. [o ) —4}
3 -6 6 -1 -4 0 —4
| 2 4—2} 10'[2—8 0 8]
(1 —4 -2 0 3 =5
0 0 1 0 0 -1
Wlo 0 0 0 1 —4
(0 0 0 0 0 0]
[1 -2 3 =6 5 0]
0 0 0 1 4 -6
2200 0 0 0 o 1
(0 0 0 0 0 0

13. Suppose the solution set of a certain system of linear equa-
tions can be described as x; = 5 + 4x3, x, = —2 — 7x3, with
X3 free. Use vectors to describe this set as a line in R3.

14. Suppose the solution set of a certain system of linear
equations can be described as x; = 5x4, X, =3 — 2xy,
X3 = 2 4+ 5x4, with x4 free. Use vectors to describe this set
as a “line” in R*.

15. Describe and compare the solution sets of x; + 5x, —
3x3 = 0and x; + 5x, — 3x3 = —2.

16. Describe and compare the solution sets of x; —2x; +

3X3 = Oandx1 —2X2 +3X3 =4,

17. Follow the method of Example 3 to describe the solutions of
the following system in parametric vector form. Also, give
a geometric description of the solution set and compare it to
that in Exercise 5.

le + ZXZ + 4X3 = 8
—4X1 — 4X2 — 8X3 =-16
— 3XZ — 3X3 = 12

18. As in Exercise 17, describe the solutions of the following
system in parametric vector form, and provide a geometric
comparison with the solution set in Exercise 6.

X1 + 2X2 — 3X3 = 5
2X1 + X — 3X3 =13
X1+ X3 = -8

In Exercises 19 and 20, find the parametric equation of the line
through a parallel to b.

o a=[3o=[1] = es[ =[]

In Exercises 21 and 22, find a parametric equation of the line M
through p and q. [Hint: M is parallel to the vector q — p. See the

figure below.]
-3 0
2o=[ =[]

o= -]

X2

X1

In Exercises 23 and 24, mark each statement True or False. Justify
each answer.

23. a. A homogeneous equation is always consistent.

b. The equation Ax = 0 gives an explicit description of its
solution set.

c. The homogeneous equation Ax = 0 has the trivial so-
lution if and only if the equation has at least one free
variable.

d. The equation x = p + 7v describes a line through v par-
allel to p.

e. The solution set of Ax = b is the set of all vectors of
the form w = p + v,, where v, is any solution of the
equation Ax = 0.

24. a.

b. If x is a nontrivial solution of Ax = 0, then every entry in
X is nonzero.

A homogeneous system of equations can be inconsistent.

c. The effect of adding p to a vector is to move the vector in
a direction parallel to p.

d. The equation Ax = b is homogeneous if the zero vector
is a solution.
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e. If Ax = b is consistent, then the solution set of Ax = b
is obtained by translating the solution set of Ax = 0.

25. Prove Theorem 6:

a. Suppose p is a solution of Ax = b, so that Ap = b. Let
v;, be any solution of the homogeneous equation Ax = 0,
and letw = p + v;,. Show that w is a solution of Ax = b.

b. Let w be any solution of Ax = b, and definev, = w —p.
Show that v, is a solution of Ax = 0. This shows that
every solution of Ax = b has the form w = p + v;, with
p a particular solution of Ax = b and v, a solution of
Ax = 0.

26. Suppose A is the 3 x 3 zero matrix (with all zero entries).
Describe the solution set of the equation Ax = 0.

27. Suppose Ax = b has a solution. Explain why the solution is
unique precisely when Ax = 0 has only the trivial solution.

In Exercises 28-31, (a) does the equation Ax = 0 have a nontriv-
ial solution and (b) does the equation Ax = b have at least one
solution for every possible b?

28. Ais a3 x 3 matrix with three pivot positions.
29. Ais a4 x 4 matrix with three pivot positions.
30. Aisa?2 x5 matrix with two pivot positions.
31. Aisa3 x 2 matrix with two pivot positions.

32. If b # 0, can the solution set of Ax = b be a plane through
the origin? Explain.

33. Constructa 3 x 3 nonzero matrix 4 such that the vector | 1

is a solution of Ax = 0.

34.

35.

36.

37.

38.

39.

Construct a 3 x 3 nonzero matrix A such that the vector
2

—1 | is a solution of Ax = 0.

1
F1 37
Given A = 7 21 |, find one nontrivial solution of
-2 -6

Ax = 0 by inspection. [Hint: Think of the equation Ax = 0
written as a vector equation. ]

3 =27
Given A = | —6 4 [, find one nontrivial solution of
12 -8

Ax = 0 by inspection.

Construct a 2 x 2 matrix A such that the solution set of the
equation Ax = 0 is the line in R? through (4,1) and the
origin. Then, find a vector b in R? such that the solution
set of AX = b is not a line in R? parallel to the solution set
of Ax = 0. Why does this not contradict Theorem 6?

Let A be an m x n matrix and let w be a vector in R” that
satisfies the equation Ax = 0. Show that for any scalar c,
the vector c¢w also satisfies Ax = 0. [That is, show that
A(ecw) = 0.]

Let A be an m x n matrix, and let v and w be vectors in
R" with the property that Av =0 and Aw = 0. Explain
why A(V + w) must be the zero vector. Then explain why
A(cv + dw) = 0 for each pair of scalars ¢ and d.

Suppose A is a 3 x 3 matrix and b is a vector in R? such that
the equation Ax = b does not have a solution. Does there
exist a vector y in R? such that the equation Ax =y has a
unique solution? Discuss.

SOLUTIONS TO PRACTICE PROBLEMS

1. Row reduce the augmented matrix:

1 4 -5 0 1 4 -5 0 1 0 3 4
2 -1 8 9 0 -9 18 9 0o 1 -2 -1
X1 + 3X3 = 4
Xy — 2)63 =-1
Thus x; = 4 — 3x3, x = —1 + 2x3, with x3 free. The general solution in paramet-
ric vector form is
X1 4 — 3X3 -3
X2 = -1+ 2X3 =1 -1 + X3 2
X3 X3 0 1

—
—

The intersection of the two planes is the line through p in the direction of v.
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2. The augmented matrix [ 10 =3 =2 7] is row equivalent to [ 1 -3-2 7 ],
and the general solution is x; = .7 4+ .3x; + .2x3, with x; and x3 free. That is,

X1 T4 3x + .2x3 i 3 2
X=|Xx | = X7 =] 0| +x| 1 |+x31 0
X3 X3 0 0 1

= p + xou + X3V

The solution set of the nonhomogeneous equation Ax = b is the translated plane
p + Span {u, v}, which passes through p and is parallel to the solution set of the
homogeneous equation in Example 2.

1.6 APPLICATIONS OF LINEAR SYSTEMS

You might expect that a real-life problem involving linear algebra would have only one
solution, or perhaps no solution. The purpose of this section is to show how linear
systems with many solutions can arise naturally. The applications here come from
economics, chemistry, and network flow.

A Homogeneous System in Economics

The system of 500 equations in 500 variables, mentioned in this chapter’s introduction,
is now known as a Leontief “input—output” (or “production”) model.! Section 2.6 will
examine this model in more detail, when more theory and better notation are available.
For now, we look at a simpler “exchange model,” also due to Leontief.

Suppose a nation’s economy is divided into many sectors, such as various manu-
facturing, communication, entertainment, and service industries. Suppose that for each
sector we know its total output for one year and we know exactly how this output is
divided or “exchanged” among the other sectors of the economy. Let the total dollar
value of a sector’s output be called the price of that output. Leontief proved the
following result.

There exist equilibrium prices that can be assigned to the total outputs of the
various sectors in such a way that the income of each sector exactly balances its
expenses.

The following example shows how to find the equilibrium prices.

EXAMPLE 1 Suppose an economy consists of the Coal, Electric (power), and Steel
sectors, and the output of each sector is distributed among the various sectors as shown
in Table 1 on page 50, where the entries in a column represent the fractional parts of a
sector’s total output.

The second column of Table 1, for instance, says that the total output of the Electric
sector is divided as follows: 40% to Coal, 50% to Steel, and the remaining 10% to
Electric. (Electric treats this 10% as an expense it incurs in order to operate its business.)
Since all output must be taken into account, the decimal fractions in each column must
sum to 1.

'See Wassily W. Leontief, “Input—Output Economics,” Scientific American, October 1951, pp. 15-21.
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|1 Denote the prices (i.e., dollar values) of the total annual outputs of the Coal,
Electric, and Steel sectors by pc, pg, and ps, respectively. If possible, find equilibrium
prices that make each sector’s income match its expenditures.

Electric

TABLE 1 A Simple Economy

o Distribution of Output from:
Coal Electric Steel Purchased by:
.0 4 .6 Coal
.6 .1 2 Electric
6 4 S 2 Steel

SOLUTION A sector looks down a column to see where its output goes, and it looks
across a row to see what it needs as inputs. For instance, the first row of Table 1
says that Coal receives (and pays for) 40% of the Electric output and 60% of the Steel
2 output. Since the respective values of the total outputs are pg and ps, Coal must spend
.4 pg dollars for its share of Electric’s output and .6 pg for its share of Steel’s output.
Thus Coal’s total expenses are .4pg + .6 ps. To make Coal’s income, pc, equal to its
expenses, we want

pc = .4pe + .6ps (D)

The second row of the exchange table shows that the Electric sector spends .6 pc
for coal, .1pg for electricity, and .2 ps for steel. Hence the income/expense requirement
for Electric is

PE = .6pc + .1pe + .2ps (2)
Finally, the third row of the exchange table leads to the final requirement:
ps = 4pc + .5pe + 2ps 3)

To solve the system of equations (1), (2), and (3), move all the unknowns to the left
sides of the equations and combine like terms. [For instance, on the left side of (2),

write pg — .1pg as .9pg.]

pc —.4pg — .6ps =0
—.6pc + 9pg — 2ps =0
—.4pc — .5[?]3 + .8ps =0

Row reduction is next. For simplicity here, decimals are rounded to two places.

1 —-4-6 0 (1 —4 —6 0 1 -4 —6 0
-6 9-2 0|~]|0 .66 —56 ~ 10 .66 —.56
-4 -5 8 0 | 0 —.66 .56 0 0 0

0 0 0

0 0
0 0
(1 -4 -6 0 1 0-94 0
~10 1-8 0|~|0 1-8 0
0 0 0
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The general solution is pc = .94 ps, pg = .85ps, and ps is free. The equilibrium price
vector for the economy has the form

pc .94ps .94
p=|pe|=|8ps |=ps]| 8
Ps Ps 1

Any (nonnegative) choice for pg results in a choice of equilibrium prices. For instance,
if we take ps to be 100 (or $100 million), then pc = 94 and pg = 85. The incomes and
expenditures of each sector will be equal if the output of Coal is priced at $94 million,
that of Electric at $85 million, and that of Steel at $100 million. [ |

Balancing Chemical Equations

Chemical equations describe the quantities of substances consumed and produced
by chemical reactions. For instance, when propane gas burns, the propane (Cs;Hsg)
combines with oxygen (O;) to form carbon dioxide (CO,) and water (H,O), according
to an equation of the form

(x1)C3Hg + (x2)O2 — (x3)CO2 + (x4)H20 )

To “balance” this equation, a chemist must find whole numbers x1, .. ., x4 such that the
total numbers of carbon (C), hydrogen (H), and oxygen (O) atoms on the left match the
corresponding numbers of atoms on the right (because atoms are neither destroyed nor
created in the reaction).

A systematic method for balancing chemical equations is to set up a vector equation
that describes the numbers of atoms of each type present in a reaction. Since equation
(4) involves three types of atoms (carbon, hydrogen, and oxygen), construct a vector in
R? for each reactant and product in (4) that lists the numbers of “atoms per molecule,”
as follows:

3 0 1 0 | < Carbon
CsHg: [ 8 1, O: | O |, COyz: | O |, HyO: | 2 | < Hydrogen
0 2 2 ] 1 | < Oxygen
To balance equation (4), the coefficients xy, ..., x4 must satisfy
3 0 1 0
X1| 81 +x] 0] =x31 0| +x4] 2
0 2 | 2 1

To solve, move all the terms to the left (changing the signs in the third and fourth
vectors):

3 0 —1 0 0
x| 8| 4+x2] 0|+ x3 Ol 4+x4f 2]=10
0 2 -2 -1 0

Row reduction of the augmented matrix for this equation leads to the general solution

x| = %x4, Xy = %x4’ X3 = %X4, with X4 free

Since the coefficients in a chemical equation must be integers, take x4 = 4, in which
case x; = 1, x, = 5, and x3 = 3. The balanced equation is
C3;Hg + 50, — 3CO; + 4H,0

The equation would also be balanced if, for example, each coefficient were doubled. For
most purposes, however, chemists prefer to use a balanced equation whose coefficients
are the smallest possible whole numbers.
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A junction, or node.

Network Flow

Systems of linear equations arise naturally when scientists, engineers, or economists
study the flow of some quantity through a network. For instance, urban planners and
traffic engineers monitor the pattern of traffic flow in a grid of city streets. Electrical
engineers calculate current flow through electrical circuits. And economists analyze
the distribution of products from manufacturers to consumers through a network of
wholesalers and retailers. For many networks, the systems of equations involve
hundreds or even thousands of variables and equations.

A network consists of a set of points called junctions, or nodes, with lines or arcs
called branches connecting some or all of the junctions. The direction of flow in each
branch is indicated, and the flow amount (or rate) is either shown or is denoted by a
variable.

The basic assumption of network flow is that the total flow into the network equals
the total flow out of the network and that the total flow into a junction equals the total
flow out of the junction. For example, Fig. 1 shows 30 units flowing into a junction
through one branch, with x; and x;, denoting the flows out of the junction through other
branches. Since the flow is “conserved” at each junction, we must have x; 4+ x, = 30.
In a similar fashion, the flow at each junction is described by a linear equation. The
problem of network analysis is to determine the flow in each branch when partial
information (such as the flow into and out of the network) is known.

EXAMPLE 2 The network in Fig. 2 shows the traffic flow (in vehicles per hour)
over several one-way streets in downtown Baltimore during a typical early afternoon.
Determine the general flow pattern for the network.

X3 100
Calvert St. T South St.Y T
N
Lombard St. |B
300 < < ¢ < 400
X4
Xy A X5y
Pratt St. |A D
300> = > > 600
A
500

FIGURE 2 Baltimore streets.

SOLUTION Write equations that describe the flow, and then find the general solution
of the system. Label the street intersections (junctions) and the unknown flows in the
branches, as shown in Fig. 2. At each intersection, set the flow in equal to the flow out.

Intersection Flow in Flow out
A 3004500 = x|+ x;
B Xo + x4 = 3004 x3
C 100 4400 = x4+ x5
D X1 + X5 600
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Also, the total flow into the network (500 + 300 + 100 4 400) equals the total flow
out of the network (300 + x3 + 600), which simplifies to x3 = 400. Combine this
equation with a rearrangement of the first four equations to obtain the following system
of equations:

X1 + X3 = 800
Xy — X3 + X4 = 300

X4 + x5 = 500

X1 + x5 = 600
X3 = 400

Row reduction of the associated augmented matrix leads to

X1 + x5 = 600
X2 — X5 = 200

X3 =400

X4 + x5 = 500

The general flow pattern for the network is described by

x; = 600 — x5
X, = 200 + x5
x3 = 400
x4 = 500 — x5
Xs1s free

A negative flow in a network branch corresponds to flow in the direction opposite
to that shown on the model. Since the streets in this problem are one-way, none of the
variables here can be negative. This fact leads to certain limitations on the possible
values of the variables. For instance, x5 < 500 because x4 cannot be negative. Other
constraints on the variables are considered in Practice Problem 2. [ |

PRACTICE PROBLEMS

1. Suppose an economy has three sectors: Agriculture, Mining, and Manufacturing.
Agriculture sells 5% of its output to Mining and 30% to Manufacturing, and retains
the rest. Mining sells 20% of its output to Agriculture and 70% to Manufacturing,
and retains the rest. Manufacturing sells 20% of its output to Agriculture and 30% to
Mining, and retains the rest. Determine the exchange table for this economy, where
the columns describe how the output of each sector is exchanged among the three
sectors.

2. Consider the network flow studied in Example 2. Determine the possible range of
values of x; and x,. [Hint: The example showed that x5 < 500. What does this
imply about x; and x,? Also, use the fact that x5 > 0.]
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1.6 EXERCISES

1.

Suppose an economy has only two sectors: Goods and Ser-
vices. Each year, Goods sells 80% of its output to Services
and keeps the rest, while Services sells 70% of its output to
Goods and retains the rest. Find equilibrium prices for the
annual outputs of the Goods and Services sectors that make
each sector’s income match its expenditures.

Services
e §ei

Find another set of equilibrium prices for the economy in
Example 1. Suppose the same economy used Japanese
yen instead of dollars to measure the values of the various
sectors’ outputs. Would this change the problem in any way?
Discuss.

Consider an economy with three sectors: Fuels and Power,
Manufacturing, and Services. Fuels and Power sells 80%
of its output to Manufacturing, 10% to Services, and retains
the rest. Manufacturing sells 10% of its output to Fuels and
Power, 80% to Services, and retains the rest. Services sells
20% to Fuels and Power, 40% to Manufacturing, and retains
the rest.

a. Construct the exchange table for this economy.

b. Develop a system of equations that leads to prices at
which each sector’s income matches its expenses. Then
write the augmented matrix that can be row reduced to
find these prices.

c. [M] Find a set of equilibrium prices when the price for
the Services output is 100 units.

Suppose an economy has four sectors: Mining, Lumber,
Energy, and Transportation. Mining sells 10% of its output
to Lumber, 60% to Energy, and retains the rest. Lumber
sells 15% of its output to Mining, 50% to Energy, 20% to
Transportation, and retains the rest. Energy sells 20% of its
output to Mining, 15% to Lumber, 20% to Transportation,
and retains the rest. Transportation sells 20% of its output to
Mining, 10% to Lumber, 50% to Energy, and retains the rest.

a. Construct the exchange table for this economy.

b. [M] Find a set of equilibrium prices for the economy.

An economy has four sectors: Agriculture, Manufacturing,
Services, and Transportation. Agriculture sells 20% of its
output to Manufacturing, 30% to Services, 30% to Trans-
portation, and retains the rest. Manufacturing sells 35% of its
output to Agriculture, 35% to Services, 20% to Transporta-
tion, and retains the rest. Services sells 10% of its output to
Agriculture, 20% to Manufacturing, 20% to Transportation,

and retains the rest. Transportation sells 20% of its output
to Agriculture, 30% to Manufacturing, 20% to Services, and
retains the rest.

a. Construct the exchange table for this economy.

b. [M] Find a set of equilibrium prices for the economy if
the value of Transportation is $10.00 per unit.

c. The Services sector launches a successful “eat farm fresh”
campaign, and increases its share of the output from the
Agricultural sector to 40%, whereas the share of Agri-
cultural production going to Manufacturing falls to 10%.
Construct the exchange table for this new economy.

d. [M] Find aset of equilibrium prices for this new economy
if the value of Transportation is still $10.00 per unit.
What effect has the “eat farm fresh” campaign had on the
equilibrium prices for the sectors in this economy?

Balance the chemical equations in Exercises 6—11 using the vector
equation approach discussed in this section.

6.

10.

11.

Aluminum oxide and carbon react to create elemental alu-
minum and carbon dioxide:

[For each compound, construct a vector that lists the numbers
of atoms of aluminum, oxygen, and carbon.]

Alka-Seltzer contains sodium bicarbonate (NaHCO;) and
citric acid (H;C¢HsO7). When a tablet is dissolved in water,
the following reaction produces sodium citrate, water, and
carbon dioxide (gas):

NaHCO3 + H3C6H507 — Na3C6H507 + HzO + C02

Limestone, CaCOs, neutralizes the acid, H;0O, in acid rain by
the following unbalanced equation:

H;0 + CaCO3; — H,0 + Ca + CO,

Boron sulfide reacts violently with water to form boric acid
and hydrogen sulfide gas (the smell of rotten eggs). The
unbalanced equation is

BzS3 + HzO — H3BO3 + HzS

[M] If possible, use exact arithmetic or a rational format for
calculations in balancing the following chemical reaction:

PbN6 + CI'Ml'lzog — Pb304 + CI'203 + Ml’lOz + NO

[M] The chemical reaction below can be used in some in-
dustrial processes, such as the production of arsene (AsHj3).
Use exact arithmetic or a rational format for calculations to
balance this equation.

MnS + ASQCT]0035 + H2SO4
— HMI]O4 + ASH3 + CI'S3012 + HzO
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12. Find the general flow pattern of the network shown in the shown in the figure. (Flow rates are in cars/minute.)
figure. Assuming that the flows are all nonnegative, what is b. Describe the general traffic pattern when the road whose
the smallest possible value for x4? flow is xs is closed.

B — . .. 9
X > 100 ¢. When x5 = 0, what is the minimum value of x4

A A X B
X & 80— > «— 100
X4 b &— 80 X5 X4 A Xy
C
13. a. Find the general flow pattern of the network shown in the 90 < > ; e > 90
figure.

b. Assuming that the flow must be in the directions indi- 15. Intersections in England are often constructed as one-way
Cated’ find the minimum flows in the branches denoted “roundabouts,” such as the one shown in the ﬁgure. Assume
by X2, X3, X4, and Xs. that traffic must travel in the directions shown. Find the

30 40 general solution of the network flow. Find the smallest
A possible value for xg.
\4
Al «x xs |C M
30 €——— P g 5_4———<100 A B
2 4 A Yo 60—)—1 ‘y—wo
> > 6 X2
60 E X3 Xy D 90 80 <—F rc—(— 100
A X5 X4 X3
Y E D
20 40
14. a. Find the general traffic pattern of the freeway network 80 90

SOLUTIONS TO PRACTICE PROBLEMS

1. Write the percentages as decimals. Since all output must be taken into account, each
column must sum to 1. This fact helps to fill in any missing entries.

Distribution of Output from:

Agriculture Mining Manufacturing Purchased by:
.65 .20 .20 Agriculture
.05 .10 .30 Mining
.30 .70 .50 Manufacturing

2. Since x5 <500, the equations D and A for x; and x, imply that x; > 100
and x; < 700. The fact that x5 > 0 implies that x; < 600 and x, > 200. So,
100 < x; < 600, and 200 < x, < 700.

1.7  LINEAR INDEPENDENCE

The homogeneous equations in Section 1.5 can be studied from a different perspective
by writing them as vector equations. In this way, the focus shifts from the unknown
solutions of Ax = 0 to the vectors that appear in the vector equations.
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For instance, consider the equation

1 4 2 0
Xi| 2| 4+x2|5|+x3] 1| =10 (1)
3 6 0 0

This equation has a trivial solution, of course, where x; = x, = x3 =0. As in
Section 1.5, the main issue is whether the trivial solution is the only one.

An indexed set of vectors {vy,...,V,} in R” is said to be linearly independent
if the vector equation

X1Vy + XoVp + -+ x,v, =0
has only the trivial solution. The set {vi, ..., v,} is said to be linearly dependent

if there exist weights ¢y, ..., ¢,, not all zero, such that

CIV1+62V2+"'+C[)V[):0 (2)

Equation (2) is called a linear dependence relation among vy, ..., v, when the
weights are not all zero. An indexed set is linearly dependent if and only if it is not
linearly independent. For brevity, we may say that vy, ..., v, are linearly dependent
when we mean that {v,...,v,} is a linearly dependent set. We use analogous
terminology for linearly independent sets.

1 4 2
EXAMPLE 1 letvi=|2|,vs=|5|,andvz=| 1
3 6 0

a. Determine if the set {v, v,, v3} is linearly independent.

b. If possible, find a linear dependence relation among vy, v, and vs.
SOLUTION

a. We must determine if there is a nontrivial solution of equation (1) above. Row oper-
ations on the associated augmented matrix show that

1 4 2 0 1 4 2 0
25 1 0|~|0 -3 -3 0
36 0 0 0 0 0 O

Clearly, x; and x, are basic variables, and x3 is free. Each nonzero value of x3
determines a nontrivial solution of (1). Hence v, v,, v5 are linearly dependent (and
not linearly independent).

b. To find a linear dependence relation among vy, v, and v3, completely row reduce
the augmented matrix and write the new system:

1 0 -2 0 X1 —2x3=0

O 1 1 o0 X2+ x3=0

0O 0 0 0 0=0
Thus x; = 2x3, x; = —Xx3, and x3 is free. Choose any nonzero value for x3;—say,
x3 = 5. Then x; = 10 and x, = —5. Substitute these values into equation (1) and

obtain
10V1 — 5V2 + 5V3 =0

This is one (out of infinitely many) possible linear dependence relations among vy,
v,, and v3. [ |
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Linear Independence of Matrix Columns

Suppose that we begin with a matrix A = [a; --- a, | instead of a set of vectors. The
matrix equation Ax = 0 can be written as

xija; + xa; + -+ + x,a, =0

Each linear dependence relation among the columns of A corresponds to a nontrivial
solution of Ax = 0. Thus we have the following important fact.

The columns of a matrix A are linearly independent if and only if the equation

Ax = 0 has only the trivial solution. 3)
1
EXAMPLE 2 Determine if the columns of the matrix A = | 1 2 —1 | are
8
linearly independent.
SOLUTION To study Ax = 0, row reduce the augmented matrix:
0 1 4 0 1 2 -1 0 1 2 -1 0
1 2 -1 0|~|0 1 4 O|~]0 1 4 O
5 8 0 0 0 -2 5 0 0 0 13 0

At this point, it is clear that there are three basic variables and no free variables. So
the equation Ax = 0 has only the trivial solution, and the columns of A are linearly
independent. [ |

Sets of One or Two Vectors

A set containing only one vector—say, v—is linearly independent if and only if v is
not the zero vector. This is because the vector equation x;v = 0 has only the trivial
solution when v # 0. The zero vector is linearly dependent because x;0 = 0 has many
nontrivial solutions.

The next example will explain the nature of a linearly dependent set of two vectors.

EXAMPLE 3 Determine if the following sets of vectors are linearly independent.

N O A HENH

SOLUTION
a. Notice that v, is a multiple of v, namely, v, = 2v;. Hence —2v; + v, = 0, which
shows that {v{, v,} is linearly dependent.

b. The vectors v; and v, are certainly not multiples of one another. Could they be
linearly dependent? Suppose ¢ and d satisfy
cvy] + d V) = 0

If ¢ # 0, then we can solve for v; in terms of v,, namely, vi = (—d/c)v,. This
result is impossible because v is not a multiple of v,. So ¢ must be zero. Similarly,
d must also be zero. Thus {v{, v,} is a linearly independent set. [ ]
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0~

(3. 1)

(6.2),

Linearly dependent

[}

(3.2),

6.2),

Linearly independent

FIGURE 1

THEOREM 7

The arguments in Example 3 show that you can always decide by inspection when a
set of two vectors is linearly dependent. Row operations are unnecessary. Simply check
whether at least one of the vectors is a scalar times the other. (The test applies only to
sets of two vectors.)

A set of two vectors {vy, v,} is linearly dependent if at least one of the vectors is
a multiple of the other. The set is linearly independent if and only if neither of the
vectors is a multiple of the other.

In geometric terms, two vectors are linearly dependent if and only if they lie on the
same line through the origin. Figure 1 shows the vectors from Example 3.

Sets of Two or More Vectors

The proof of the next theorem is similar to the solution of Example 3. Details are given
at the end of this section.

Characterization of Linearly Dependent Sets

An indexed set S = {vi,...,v,} of two or more vectors is linearly dependent if
and only if at least one of the vectors in S is a linear combination of the others. In
fact, if S is linearly dependent and v, # 0, then some v; (with j > 1) is a linear
combination of the preceding vectors, vy, ..., V;_j.

Warning: Theorem 7 does not say that every vector in a linearly dependent set is a
linear combination of the preceding vectors. A vector in a linearly dependent set may
fail to be a linear combination of the other vectors. See Practice Problem 3.

3 1
EXAMPLE 4 lLetu= |1 |andv = | 6 |. Describe the set spanned by u and v,
0 0

and explain why a vector w is in Span {u, v} if and only if {u, v, w} is linearly dependent.

SOLUTION The vectors u and v are linearly independent because neither vector is a
multiple of the other, and so they span a plane in R®. (See Section 1.3.) In fact,
Span {u, v} is the xjx,-plane (with x3 = 0). If w is a linear combination of u and v,
then {u, v, w} is linearly dependent, by Theorem 7. Conversely, suppose that {u, v, w}
is linearly dependent. By Theorem 7, some vector in {u, v, w} is a linear combination
of the preceding vectors (since u # 0). That vector must be w, since v is not a multiple
of u. So w is in Span {u, v}. See Fig. 2. [ ]

Linearly dependent, Linearly independent,
w in Span{u, v} w not in Span{u, v}

FIGURE 2 Linear dependence in R
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FIGURE 3

If p > n, the columns are linearly
dependent.

@, D

X

@-1)
FIGURE 4
A linearly dependent set in R.

THEOREM 9
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Example 4 generalizes to any set {u, v, w} in R3 with u and v linearly independent.
The set {u, v, w} will be linearly dependent if and only if w is in the plane spanned by
u and v.

The next two theorems describe special cases in which the linear dependence of a
set is automatic. Moreover, Theorem 8 will be a key result for work in later chapters.

If a set contains more vectors than there are entries in each vector, then the set

is linearly dependent. That is, any set {vy,...,V,} in R" is linearly dependent if
p > n.
PROOF Let A={[v; --- v,]. Then A is n x p, and the equation Ax = 0 corre-

sponds to a system of n equations in p unknowns. If p > n, there are more variables
than equations, so there must be a free variable. Hence Ax = 0 has a nontrivial solution,
and the columns of A are linearly dependent. See Fig. 3 for a matrix version of this
theorem. |

Warning: Theorem 8 says nothing about the case in which the number of vectors in
the set does not exceed the number of entries in each vector.

4
-1
8, because there are three vectors in the set and there are only two entries in each vector.
Notice, however, that none of the vectors is a multiple of one of the other vectors. See
Fig. 4. [ |

EXAMPLE 5 The vectors [ % ], |: ], [ _5 } are linearly dependent by Theorem

If aset S = {vy,...,v,} in R" contains the zero vector, then the set is linearly
dependent.

PROOF By renumbering the vectors, we may suppose v; = 0. Then the equation
Ivi + 0vy + --- + Ov, = 0 shows that § is linearly dependent. [ ]

EXAMPLE 6 Determine by inspection if the given set is linearly dependent.

17 [2 27 [0 [1 _i _2
a |70, |1[]1 b. [3[.]0].]1 G S B

6] |9 5] Lo 10 5
SOLUTION

a. The set contains four vectors, each of which has only three entries. So the set is
linearly dependent by Theorem 8.

b. Theorem 8 does not apply here because the number of vectors does not exceed the
number of entries in each vector. Since the zero vector is in the set, the set is linearly
dependent by Theorem 9.

c. Compare the corresponding entries of the two vectors. The second vector seems to
be —3/2 times the first vector. This relation holds for the first three pairs of entries,
but fails for the fourth pair. Thus neither of the vectors is a multiple of the other, and
hence they are linearly independent. [ |
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Mastering: Linear
Independence 1-31

1.7 EXERCISES

In general, you should read a section thoroughly several times to absorb an
important concept such as linear independence. The notes in the Study Guide for
this section will help you learn to form mental images of key ideas in linear algebra.
For instance, the following proof is worth reading carefully because it shows how the
definition of linear independence can be used.

PROOF OF THEOREM 7 (Characterization of Linearly Dependent Sets)
If some v; in § equals a linear combination of the other vectors, then v; can be
subtracted from both sides of the equation, producing a linear dependence relation
with a nonzero weight (—1) on v;. [For instance, if vi = c,v, + c3v3, then 0 =
(=1)vi + c2v2 + ¢3v3 + 0v4 + - -+ + 0v,.] Thus S is linearly dependent.

Conversely, suppose S is linearly dependent. If v; is zero, then it is a (trivial)
linear combination of the other vectors in S. Otherwise, vi # 0, and there exist weights
C1,...,Cp, not all zero, such that

civi+ Vo + -+ ¢pv, =0

Let j be the largest subscript for which ¢; # 0. If j = 1, then ¢;v; = 0, which is
impossible because v; # 0. So j > 1, and

cvi+-4+c;v; +0vip  + -+ 0v, =0

CiVj = —CIV] =+ —Cj—1Vj—1|
C Ci—
vV = (__1) Vi 4+ (_1_1) vi_; m
Cj Cj
PRACTICE PROBLEMS

3 —6 0 3
Letu = 2|, v= 1 |,w=]| -5 |,andz = 7
—4 7 2 =5

1. Are the sets {u, v}, {u,w}, {u,z}, {v,w},{v,z}, and {w, z} each linearly indepen-
dent? Why or why not?

Does the answer to Problem 1 imply that {u, v, w, z} is linearly independent?

3. To determine if {u, v, w, z} is linearly dependent, is it wise to check if, say, w is a
linear combination of u, v, and z?

Is {u, v, w, z} linearly dependent?

In Exercises 1-4, determine if the vectors are linearly indepen-
dent. Justify each answer.

2
| —3

[2)]

i

7
2
—6

6

o

47

9
4
8

]2.

In Exercises 5-8, determine if the columns of the matrix form a
linearly independent set. Justify each answer.

0 -3 9 [—4 -3 0
2 1 -7 | 0 -1 s
) ) -1 4 -5 11 =5
0} { 0 —1} 1 -4 2 2 1 -10
2] of.] 3
31 L8] L [ 1 4 -3 1 -2 3
-2 -7 5 8. | -2 4 —6
'—1} [—3‘ | -4 =5 7 0 1 -1
- 3 ' _9_

In Exercises 9 and 10, (a) for what values of & is v3 in
Span {vy, v,}, and (b) for what values of % is {v;, v, v3} linearly
dependent? Justify each answer.



1 =3 5

9. V) = -3 , V) = 9 , V3 = —7
L 2| | —6 | a
1] [ —37] 2]

10. vV = -3 , V) = 9 , V3 = -5
L =5 | L 15 | a

In Exercises 11-14, find the value(s) of & for which the vectors
are linearly dependent. Justify each answer.

27 [ 47 [ =27 3] [—-67] 9]
1m. | -2 |, -6 1, 2 12. | —6 |, 41, h
L4 L 7] L h| L L -3 L3]
1] =277 [ 37 1] [=37] [2
13. 51,1 =91, h 14. | -2 |, 71,11
| -3 ] L 6] 9] | =4 L 6] L]

Determine by inspection whether the vectors in Exercises 15-20
are linearly independent. Justify each answer.

_ 2 -3

15. ﬂ[g][ﬂ[_” 16. | —4 |, 6
L |8 12
T 570 -7 - -

17. | =3 (,|0|,] 2 18. i][_;}[g [H
1] [o 4 L .
T8 [ 2 ! 27 T0

19. | 12 ],] -3 20. 40,1 51, 1o
4] [ | -7 3] |0

InExercises 21 and 22, mark each statement True or False. Justify
each answer on the basis of a careful reading of the text.

21. a. The columns of a matrix A are linearly independent if the

equation Ax = 0 has the trivial solution.

b. If S isalinearly dependent set, then each vector is a linear
combination of the other vectors in S.

c. The columns of any 4 x 5 matrix are linearly dependent.
d. If x and y are linearly independent, and if {x,y,z} is
linearly dependent, then z is in Span {x, y}.

22. a. If u and v are linearly independent, and if w is in

Span {u, v}, then {u, v, w} is linearly dependent.

b. If three vectors in R? lie in the same plane in R3, then
they are linearly dependent.

c. If aset contains fewer vectors than there are entries in the
vectors, then the set is linearly independent.

d. If asetin R” is linearly dependent, then the set contains
more than n vectors.

In Exercises 23-26, describe the possible echelon forms of the
matrix. Use the notation of Example 1 in Section 1.2.

23. Ais a2 x 2 matrix with linearly dependent columns.

24. Ais a3 x 3 matrix with linearly independent columns.
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25. Aisa4 x 2matrix, A = [a,
aj.

a,], and a, is not a multiple of

26. Aisa4x3matrix, A =1[a; a, as],such that{a;,a,}is
linearly independent and a; is not in Span {a,, a,}.

27. How many pivot columns must a 6 x 4 matrix have if its
columns are linearly independent? Why?

28. How many pivot columns must a 4 x 6 matrix have if its
columns span R*? Why?

29. Construct 3 x 2 matrices A and B such that Ax = 0 has a
nontrivial solution, but Bx = 0 has only the trivial solution.

30. a. Fill in the blank in the following statement: “If A is
an m x n matrix, then the columns of A are linearly

independent if and only if A has pivot columns.”

b. Explain why the statement in (a) is true.

Exercises 31 and 32 should be solved without performing row
operations. [Hint: Write Ax = 0 as a vector equation. |

2 3 57
. ) 1 —4 .
31. Given A = 3 1 —a observe that the third column
1 0 1

is the sum of the first two columns. Find a nontrivial solution
of Ax = 0.

4 3 =57
32. GivenA=| -2 -2 4 |, observe that the first column
-2 =3 7

minus three times the second column equals the third column.
Find a nontrivial solution of 4x = 0.

Each statement in Exercises 33-38 is either true (in all cases)
or false (for at least one example). If false, construct a specific
example to show that the statement is not always true. Such
an example is called a counterexample to the statement. If a
statement is true, give a justification. (One specific example
cannot explain why a statement is always true. You will have to
do more work here than in Exercises 21 and 22.)

33. Ifvy,...,vsarein R* and v; = 2v; + v, then {v,, v2, v3, v4}
is linearly dependent.

34. If v, and v, are in R* and v, is not a scalar multiple of v,
then {vi, v,} is linearly independent.

35. Ifvy,...,vsarein R’ and v3 = 0, then {v,, V5, V3, V4, Vs} is
linearly dependent.

36. If v, v, v5 are in R? and v; is not a linear combination of
Vi, Vo, then {vy, v, v3} is linearly independent.

37. Ifvi,...,v4 are in R* and {v,, v, v3} is linearly dependent,
then {v, v», v3, v4} is also linearly dependent.

38. If {v,,...,v,}is alinearly independent set of vectors in R*,
then {v|,Vv,,v3} is also linearly independent. [Hint: Think
about X1Vy] + X2y + X33 + 0- V4 = 0]

39. Suppose A is an m x n matrix with the property that for all b
in R™ the equation Ax = b has at most one solution. Use the



